Abstract. We construct a complete invariant for surface flows of finite type. In fact, although the set of topological equivalence classes of minimal flows (resp. Denjoy flows) on a torus is uncountable, we enumerate the set of topological equivalence classes of flows with at most finitely many limit cycles but without Q-sets and non-degenerate singular points on a compact surface using finite labelled graphs. To enumerate such flows, we describe properties of border points of a flow without degenerate singular points on a compact surface. In particular, we show that each connected component of the complement of the "saddle connection diagram" is either an open disk, an open annulus, a torus, a Klein bottle, an open Möbius band, or an open essential subset. Moreover, we generalize the Poincaré-Bendixson theorem for a flow with arbitrarily many singular points on a compact surface. In fact, the ω-limit set of any nonclosed orbit is either a nowhere dense subset of singular points, a limit cycle, a limit "quasi-circuit", a locally dense Q-set, or a "quasi-Q-set". In addition, for such a surface flow, we characterize the necessary and sufficient conditions for the closure of the union of closed orbits corresponding to the non-wandering set.
Introduction
The Poincaré-Bendixson theorem is generalized in several ways. For instance, a following statement holds (see for example [14] ): The ω-limit set of an orbit of a flow with finitely many fixed points on a compact surface is either a closed orbit, an attracting limit circuit, or a Q-set.
Peixoto [15] showed that a vector field v ∈ χ r (S) is structurally stable if and only if v ∈ Σ r (S), where χ r (S) (1 ≤ r ≤ ∞) is the set of C r -vector fields (with the C r -topology) on an orientable closed connected surface S and Σ r (S) is the subset of χ r (S) formed by the Morse-Smale C r -vector fields. Moreover, Σ r (S) is open and dense in χ r (S). Recall that a C r vector field (r ≥ 1) on S with finitely many singular points is Morse-Smale if 1) each singular point is hyperbolic (i.e. a sink, a source, or a saddle); 2) each periodic orbit is a hyperbolic limit cycle; 3) there are no heteroclinic multi-saddle separatrices; and 4) the ω-limit (resp. α-limit) set of a point is a closed orbit. When S is non-orientable, Pugh's C 1 -Closing Lemma implies [16, 17] that Σ 1 (S) is dense and that the Peixoto's work holds for the case in which the non-orientable genus of S is less than five [6, 10] . On Hamiltonian vector fields, a Hamiltonian vector field v ∈ H r (S) is structurally stable in H r (S) if and only if v ∈ H r * (S), and that H r * (S) is open dense in H r (S) [8] , where H r (S) is the set of Hamiltonian C r vector fields on an orientable closed connected surface S and H r * (S) is the set of regular Hamiltonian C r vector fields each of whose saddle connection is self-connected.
In this paper, we describe the properties of the border points of a flow v without degenerate singular points on a compact surface and characterize the necessary and sufficient conditions for the closure of the union of closed orbits corresponding to the non-wandering set. Moreover, each connected component of the complement of the "saddle connection diagram" is either an open disk, an open annulus, a torus, a Klein bottle, an open Möbius band, or an open essential subset. In addition, although the set of topological equivalence classes of minimal flows (resp. Denjoy flows) on a torus is uncountable, a flow with at most finitely many limit cycles but without non-degenerate singular points and Q-sets on a compact surface can be reconstructed from the finite data. In other words, we construct a complete invariant for surface flows of finite type.
By [3] , any connected finite poset can be realized by the singular part of the leaf class space of a transversally oriented codimension one C 1 -foliation on a closed oriented three manifold. In [4] , Bonatti et al. showed that any finite connected poset can be realized by the orbit class space of a finitely generated group of homeomorphisms of a compact connected topological space. They also state the question of whether any finite Hasse diagram can be realized on a compact manifold. On the other hand, we show that the heights of the orbit spaces of flows on orientable (resp. non-orientable) compact surfaces with genus g (resp.p) are at most 2g + 3 (resp. 2p + 1). In particular, no posets whose heights are at least 2g + 4 (resp. 2p + 2) can be realized on a compact orientable (resp. non-orientable) surface with genus g (resp. p).
The present paper consists of thirteen sections. In the next section, as preliminaries, we introduce some fundamental notions. In §3, properties of surface flows are described in general. In §4, we study heights of orbits. In §5, we show the finiteness of singular points implies that a quasi-Q-set is a Q-set and that a limit quasi-circuit is a limit circuit. In §6, we generalize the Poincare-Bendixson theorem for a flow with arbitrarily many singular points on a compact surface. In §7, properties of surface flows with finitely many singular points are described. In §8, we study the border point set. In §9, structures of orbits are described. In particular, we show that the heights of the orbit spaces of flows with finitely many singular points on compact surfaces are at most three. In §10, decompositions of flows are constructed. In §11, we characterize the necessary and sufficient conditions for the closure of the union of closed orbits corresponding to the non-wandering set (i.e. Cl(v) = Ω(v)). In §12, a complete invariant for surface flows of finite type are constructed. In §13, we note that each of conditions of "finite type" (i.e. quasiregularity, finite condition of limit cycles, non-existence of Q-sets) is necessary to construct a complete invariant using finite data.
Preliminaries
2.1. Notions of dynamical systems. By a surface, we mean a compact two dimensional manifold, that dose not need to be orientable. A flow is a continuous R-action on a manifold. From now on, we suppose that flows are on surfaces. Let v : R × S → S be a flow on a surface S. For t ∈ R, define v t : S → S by v t := v(t, ·). For a point x of S, we denote by O(x) the orbit of x and O + (x) the positive orbit (i.e. O + (x) := {v t (x) | t > 0}). Recall that a point x of S is singular if x = v t (x) for any t ∈ R, is regular if x is not singular, and is periodic if there is a positive number T > 0 such that x = v T (x) and x = v t (x) for any t ∈ (0, T ). An orbit is closed if it is singular or periodic. Denote by Sing(v) the set of singular points and by Per(v) (resp. Cl(v)) the union of periodic (resp. closed) orbits. Recall that the ω-limit (resp. α-limit) set of a point x is ω(x) := n∈R {v t (x) | t > n} (resp. α(x) := n∈R {v t (x) | t < n}), where the closure of a subset A is denoted by A. A point is wandering if there are its neighborhood U and a positive number N such that v t (U ) ∩ U = ∅ for any t > N . A point is non-wandering if it is not wandering (i.e. for any its neighborhood U and for any positive number N , there is a number t ∈ R with |t| > N such that v t (U ) ∩ U = ∅). Denote by Ω the set of non-wandering points, called the non-wandering set. For an orbit O, define ω(O) := ω(x) and α(O) := α(x) for some point x ∈ O. Note that an ω-limit (resp. α-limit) set of an orbit is independent of the choice of a point in the orbit. A subset is saturated (or invariant) if it is a union of orbits. The saturation of a subset is the union of orbits intersecting it. Denote by Sat v (A) the saturation of a subset A. Then Sat v (A) = a∈A O(a). A point x of S is recurrent (resp. weakly recurrent) if x ∈ ω(x) ∩ α(x) (resp. x ∈ ω(x) ∪ α(x)). A quasi-minimal set (or a Q-set for brevity) is defined to be the orbit closure of a non-closed weakly recurrent point. It is known that a total number of Q-sets for v cannot exceed g if M is an orientable surface of genus g [9] , and
if M is a non-orientable surface of genus p [11] . Therefore the closure LD ⊔ E is a finite union of Q-sets.
Types of singular point.
A singular point x on (resp. outside of) the boundary ∂S of a surface S is a ∂-sink (resp. sink) if there is a neighborhood U of x such that ω(y) = {x} for any y ∈ U , is a ∂-source (resp. source) if there is a neighborhood U of x such that α(y) = {x} for any y ∈ U , is a center if there is a saturated neighborhood U of x such that U − {x} consists of periodic orbits. A separatrix is a regular orbit whose α-limit or ω-limit set is a singular point. A separatrix is connecting if each of its ω-limit set and α-limit sets is a singular point. A ∂-k-saddle (resp. k-saddle) is an isolated singular point on (resp. outside of) ∂S with exactly (2k + 2)-separatrices, counted with multiplicity. A multi-saddle is a k-saddle or a ∂-(k/2)-saddle for some k ∈ Z ≥0 . The degree of a multi-saddle x is the number of its separatrices counted with multiplicity and is denoted by deg(x). A 1-saddle is topologically an ordinary saddle.
(Quasi-)Regularity.
A flow is quasi-regular (resp. regular) if each singular point is either a center, a multi-saddle (resp. a saddle, a ∂-saddle), a sink, a ∂-sink, a source, or a ∂-source. Note that a non-wandering flow with finitely many singular points on a compact surface is quasi-regular [5] . Conversely, a quasi-regular flow on a compact surface has finitely many singular points.
Topological properties of orbits.
An orbit is proper if it is embedded (i.e. it has a neighborhood in which the orbit is closed), locally dense if its closure has nonempty interior, and exceptional if it is neither proper nor locally dense. A point is proper (resp. locally dense, exceptional) if so is its orbit. Denote by LD (resp. E, P) the union of locally dense orbits (resp. exceptional orbits, non-closed proper orbits). Note that P is the complement of the set of weakly recurrent points and that LD ⊔ E is the union of non-closed weakly recurrent orbits. By definition, we have a decomposition S = Sing(v) ⊔ Per(v) ⊔ P ⊔ LD ⊔ E, where ⊔ is the disjoint union symbol. For a closed invariant set γ, define the stable manifold W s (γ) := {y ∈ S | ω(y) ⊆ γ} and the unstable manifold W u (γ) := {y ∈ S | α(y) ⊆ γ}.
Topological notions.
A (quasi-)minimal set is exceptional (resp. locally dense) if it is a closure of an orbit intersecting E (resp. LD). Note that exceptional (quasi-)minimal set is transversely a Cantor set (i.e. there is a small neighborhood U of a weakly recurrent point of the minimal set M such that M ∩ U is a product of an open interval and a Cantor set). Recall that the (orbit) classÔ of an orbit O is the union of orbits each of whose orbit closure corresponds to O (i.e.Ô = {y ∈ S | O(y) = O}). Denote by ∂A := A−intA the boundary of a subset A ⊆ S. Define the border δA := A − intA of a subset A ⊆ S. Denote by σA := A − A the shell of a subset A ⊆ S. Then ∂A = δA ⊔ σA. A one-dimensional cell complex is essential if it is not null homologous with respect to the relative homology group H 1 (S, ∂S; Z).
Note that a one-dimensional cell complex γ is essential in a compact surface S if and only if γ is not null homotopic in S * , where S * is the resulting closed surface from S by collapsing all boundaries into singletons. A subset of S is essential if it is not null homotopic in S * . We call that a singular point is a compressed center if for any of its neighborhood U , there is an open neighborhood V ⊂ U whose boundary is a periodic orbit. Note that a center is a compressed center.
A subset A of a surface is a collar of an immersed closed curve γ if there is a neighborhood U of γ such that A is a connected component of the complement U − γ.
2.6.
Transversality. Recall that a curve is a continuous mapping C : I → S where I is a non-degenerate connected closed subset of S 1 . A curve is simple if it is injective. We also denote by C the image of a curve C. Denote by ∂C := C(∂I) the boundary of a curve C, where ∂I is the boundary of I ⊂ S 1 . A simple curve is a simple closed curve if its domain is S 1 (i.e. I = S 1 ). A curve C is transverse to v at a point p if there are an orbit arc γ containing p and a small open disk U centered at p such that C ∩ γ = {p}, γ − {p} ⊂ U \ C, and that U \ C is a disjoint union of two open disks each of which intersects γ. A simple curve C is transverse to v if it is transverse to v at each point in C − ∂C. A simple curve C is transverse to v is called a transverse arc. A simple closed curve is a closed transversal if it transverses to v.
An ω-limit (resp. α-limit) set of a point is a quasi-Q-set if it intersects an essential closed transversal infinitely many times. Note that a quasi-Q-set need not be arcwise-connected (see Figure 12 ). We will show that a Q-set is a quasi-Q-set(see Lemma 3.4).
2.7.
One-and two-sided loops. By a loop, we mean a simple closed curve in a surface. Recall that a boundary component is a connected component of the boundary of a surface. A loop is one-sided if it is either a boundary component of a surface or has a small neighborhood which is a Möbius band. A loop γ which is not a boundary component is two-sided if it has an open small annular neighborhood A such that the complement A − γ consists of two open annuli.
2.8. Multi-saddle connection diagrams. A connecting separatrix is a multisaddle separatrix if each of its α-limit and ω-limit set is a multi-saddle. The multisaddle connection diagram D is the union of multi-saddles and multi-saddle separatrices. A (multi-)saddle connection is a connected component of the (multi-)saddle connection diagram. Note that a multi-saddle connection is also called a poly-cycle. A connecting separatrix is a self-connected separatrix if either its ω-limit set and α-limit set correspond or it connects multi-saddles on the same boundary component. Note that a homoclinic multi-saddle separatrix is self-connected and a heteroclinic multi-saddle separatrix outside of the boundary is not self-connected.
2.9. Self-connectedness. A (multi-)saddle connection is self-connected if all the separatrices are self-connected. The (multi-)saddle connection diagram is selfconnected if so is each connected component.
Circuits.
A trivial circuit is a singular point. By a cycle or a periodic circuit, we mean a periodic orbit. By a non-trivial circuit, we mean either a cycle or an image of a circle which is a graph and which is the union of separatrices and finite singular points. A circuit is either a trivial or non-trivial circuit. A trivial quasicircuit is a cycle or a singular point. A closed connected invariant subset is a non-trivial quasi-circuit if it is a boundary component of an open annulus, and contains a non-closed proper orbit, and consists of non-closed proper orbits and singular points. A quasi-circuit is either a trivial or non-trivial quasi-circuit. A non-trivial (quasi-)circuit γ is said to be limit if either α(x) = γ or ω(x) = γ for some point x / ∈ γ. A (quasi-)circuit γ is attracting (resp. repelling) if there is an open annulus A such that a boundary component of A is γ and that A ⊆ W s (γ) (resp. A ⊆ W u (γ)). Then A is called an attracting (resp. a repelling) collar basin of γ.
2.11. Ss-multi-saddle connection diagrams. An invariant subset is an ss-component if it is either a sink, a ∂-sink, a source, a ∂-source, a limit circuit, or an exceptional Q-set. A separatrix is an ss-separatrix if it connects a multi-saddle and an sscomponent. In other words, a separatrix whose ω-limit set is a multi-saddle is an ss-separatrix if its α-limit set is an ss-component. A separatrix whose α-limit set is a multi-saddle is an ss-separatrix if its ω-limit set is an ss-component. The degree of an ss-component γ is the number of its ss-separatrices counted with multiplicity and is denoted by deg(γ). The ss-multi-saddle connection diagram D ss is the union of multi-saddles, multi-saddle separatrices, ss-separatrices, and ss-components. An ss-multi-saddle connection is a connected component of the ss-multi-saddle connection diagram. Note that D ss is the union of multi-saddle connection diagram D, ss-separatrices, and ss-components.
2.12. Properties of (quasi-)circuits. Define the degree of a limit (quasi-)circuit γ with a attracting (resp. repelling) collar basin A as the number of the ssseparatrices intersecting A whose ω-limit set (resp. α-limit) set is γ and denote it by deg A (γ). Note that a (∂-)source is an attracting trivial circuit and a (∂-)sink is a repelling trivial circuit. A non-periodic limit (quasi-)circuit γ is a strict limit (quasi-)circuit if either γ is one-sided or there are a collar basin A of γ and a collar basin A ′ of a limit (quasi-)circuit µ with µ ∩ γ = ∅ and A ∩ A ′ = ∅. In other words, a non-periodic limit (quasi-)circuit γ is strict limit (quasi-)circuit if either γ is one-sided or there are a separatrix µ ⊆ γ and an open transverse arc T intersecting µ such that f v | T − (resp. f v | T + ) is either contracting or repelling, where f v : T → T is the first return map, T − and T + are the two connected components of T \ µ. A limit cycle is a limit (quasi-)circuit in Per(v). A non-trivial circuit γ is a directed circuit if there are an open annulus A and a projection p : A → S 1 such that the circuit γ is a boundary component of A and each fiber of p (i.e. the inverse image by p of a point) is an open transverse arc to v. Then the annulus A is called an associated collar of γ. In other words, a (quasi-)circuit γ is directed if there is an open annulus A such that a boundary component of A is γ and that the orientation of the immersed circle γ corresponds to one of non-singular orbits in the (quasi-)circuit γ. Note that each limit circuit is a directed circuit and that each collar basin is an associated collar.
2.13. Flows of finite type. A flow is of finite type if 1) it is quasi-regular, 2) there are at most finitely many limit cycles, and 3) LD ⊔ E = ∅ (i.e. there are no Q-sets).
2.14. Border points. Denote by ∂ Per the union of periodic orbits in ∂S∩int Per(v). Moreover, denote by P ms (resp. P ss ) the union of multi-saddle separatrices (resp. ss-separatrices) in intP. Define P lc := {γ ⊂ intP⊔Sing(v) : limit circuit}\Sing(v) In other words, the set P lc is the intersection of intP and the union of limit circuits. Put P sep = (P lc ∪ P ms ) ⊔ P ss . If v is quasi-regular, then P lc ⊆ P ms . Define the set Bd of border points by Bd :
Denote by Per 1 the union of one-sided periodic orbits in int(Per(v) − ∂ Per ). Define BD := Bd ⊔ Per 1 .
Orders.
A binary relation on a set is a pre-order if it is antisymmetric and transitive. A binary relation on a set is a partial order if it is reflexive, antisymmetric, and transitive. A poset is a set with a partial order.
2.16.
A cyclic order near a sink (resp. source). Define a cyclic relation ∼ c on a finite set F with n points as follows:
. . , O n } and there is an integer k = 0, 1, . . . , n− 1 such that j − i j ≡ k mod n. An equivalence class is called a cyclic class of F .
Fix a multi-saddle (resp. a sink or a source) x outside of the boundary of a surface S. Let E x be the set of separatrices of x (resp. between x and multi-saddles) and n := deg(x) = |E x |. Define a cyclic order < c on E x as follows: For an orientation µ near x, a cyclic class [O 1 , O 2 , . . . , O n ] of E x is counterclockwise with respect to µ if the separatrices O 1 , . . . , O n are arranged in the counterclockwise direction around x with respect to µ. Denote by [O 1 , O 2 , . . . , O n ] µ a counterclockwise cyclic class with respect to µ. Define an equivalent relation ≈ c for counterclockwise cyclic classes as follows:
2.17. Total order near a ∂-sink (resp. ∂-source). Fix a multi-saddle (resp. a ∂-sink or a ∂-source) x on the boundary of a surface S. Let E x be the set of separatrices of x (resp. between x and multi-saddles) and n := deg x = |E x |. Define a total order < t on E x as follows: For an orientation µ near x, a tuple 2.18. Cyclic order near a one-sided limit circuit. Fix a one-sided limit circuit γ with the collar direction on a surface S. Let E γ be the set of ss-separatrices each of whose ω-limit or α-limit) set is γ. Put n := deg(γ) = |E γ |. Define a cyclic order < c on E γ as follows: A tuple (O 1 , O 2 , . . . , O n ) of E γ is counterclockwise with respect to γ if there is a closed transversal C near and parallel to γ and the intersections of C and the separatrices O 1 , . . . , O n are arranged in the counterclockwise direction of γ on C. Then a cyclic order < c near γ is defined by
is counterclockwise with respect to γ.
2.19.
A two-sided limit circuit with the collar direction. Let γ be a twosided limit circuit with two disjoint collars A and A ′ and let L γ be the set of connected components of S − D ss each of which intersects A ⊔ A ′ . Then the pair (γ, L γ ) is called a two-sided limit circuit with the collar direction.
2.20. Cyclic order near a two-sided limit circuit. Fix a two-sided limit circuit γ with the collar direction on a surface S and with an attracting (resp. repelling) collar basin A of γ . Let E γ be the set of ss-separatrices which intersect A and each of whose ω-limit (resp. α-limit) set is γ. Put n := |E γ |. Define a cyclic order < c on E γ as follows: A tuple (O 1 , O 2 , . . . , O n ) of E γ is counterclockwise with respect to γ if there is a closed transversal C near and parallel to γ such that the intersections of C and the separatrices O 1 , . . . , O n are arranged in the counterclockwise direction of γ on C. Then a cyclic order < c near γ is defined by
2.21. Heights of orbits. For a subset A and a point x of a topological space (X, τ ), an abbreviated form of the singleton {x} (resp. the difference A − {x}, the point closure {x}) will be x (resp. A − x, x). The specialization pre-order ≤ τ on a topological space (X, τ ) is defined as follows: x ≤ τ y if x ∈ y. Define the upset ↑ x := {y ∈ P | x ≤ τ y}, the downset ↓ x := {y ∈ P | y ≤ τ x}, and the clasŝ x := ↓ x ∩ ↑ x. Then the set of classes is a decomposition and so its quotient space is a T 0 space, which is called the T 0 -tification of X and denoted byX. Denote by max X (resp. min X) the set of maximal (resp. minimal) points. Note that ↓ x = x and that the set min X of minimal points in X is the set of points whose classes are closed. Define the upset ↑ A := x∈A ↑ x, the downset ↓ A := x∈A ↓ x, the classÂ := x∈Ax , A ⇑ = ↑ A −Â, and
Define the height ht τ x of x by ht τ x := sup{#C − 1 | C : chain containing x as the maximal point}. Recall that a chain is a totally ordered subset of a pre-ordered set. The height ht τ A of a nonempty subset A ⊆ X is defined by ht τ A := sup x∈A ht τ x. Define ht τ ∅ = −1. , τv) ) the orbit space (resp. orbit class space). Note that the orbit class space S/v is the T 0 -tification of the orbit space S/v. For a point x ∈ S, define the height of x by the height of the pointx in S/v and write ht(x) := ht τv (x). Then the compatible pre-order ≤ on S, called the specialization pre-order of the quotient topology τv, is defined as follows: x ≤ y ifx ≤ τvŷ . Denote by S k the set of points of height k. The height ht A of a subset A ⊆ S is defined by ht A := sup x∈A ht(x). The height of the flow v is defined by ht(v) := ht(S). The orbit space T /v (resp. orbit class space T /v) of a saturated subset T of S is a subset of the orbit space S/v (resp. orbit class space S/v) and a quotient space
2.23. Center disks, sink disks, source disks. A closed disk is a center disk if it is a union of one center and periodic orbits. A closed disk is a sink (resp. source) disk if its boundary is a closed transversal and its interior consists of one sink (resp. source) and of subsets of non-closed proper orbits (see Figure 1 ).
2.24.
Operations. Define an operation Ct as cutting an essential closed transversal and pasting one sink disk and one source disk, an operation Co as cutting an essential periodic orbit and pasting one or two center disks, and an operation Cd as removing an essential one-sided (resp. two-sided) loop in D and pasting a double covering (resp. two copies) of the loop to the new boundary (resp. new two boundaries) (see Figure 2 ). Recall that a Cherry blow-up operation replaces a flow box with a Cherry flow box as shown in Figure 3 . Denote by Ch l a Cherry blow-up operation to a limit cycle (i.e. replacing a limit cycle by a Cherry flow with a homoclinic separatrix of the saddle) as shown in Figure 4 . We can define an Cherry blow-up operation to a directed circuit as shown in Figure 4 and denote it by Ch l .
2.25. Graphs. Recall an ordered triple G := (V, E, r) is an abstract multi-graph if V and E are sets and r : E → {{x, y} | x, y ∈ V }. An ordered triple G = (V, E, r) is an abstract multi-graph with 0-hyper-edges if V and E are sets and r : E → {{x, y} | x, y ∈ V } ⊔ {∅}. A graph is a cell complex whose dimension is at most one and which is a geometric realization of an abstract multi-graph. Note that a finite (directed) multi-graph can be embedded in a surface. In other words, it can be drawn such that no edges cross each other. Such a drawing is called a surface (directed) graph. Moreover a disjoint union of a surface directed graph and finite simple closed directed curves embedded in a surface is called a generalized surface directed graph. Note that a generalized surface directed graph is a geometric realization of an abstract multi-graph with 0-hyper-edges on a surface such that 0-hyper-edges are realized by disjoint simple closed directed curves.
2.26. Multi-graphs as posets. A poset P is said to be multi-graph-like if the height of P is at most one and | ↓ x| ≤ 3 for any element x ∈ P . For a multi-graphlike poset P , each element of P 0 is called a vertex and each element of P 1 is called an edge. Then an abstract multi-graph G can be considered as a multi-graph-like poset (P, ≤ G ) with V = P 0 and E = P 1 as follows: P = V ⊔ E and x < G e if x ∈ r(e). Conversely, a multi-graph-like poset P can be considered as an abstract multi-graph with V = P 0 , E = P 1 , and r : P 1 → {{x, y} | x, y ∈ V } defined by r(e) := ↓ e − {e}. 2.28. Dimensions. By dimension, we mean the small inductive dimension. By Urysohn's theorem, the Lebesgue covering dimension, the small inductive dimension, and the large inductive dimension corresponded in normal spaces. A compact metrizable space X whose inductive dimension is n > 0 is an n-dimensional Cantormanifold if the complement X − L for any closed subset L of X whose inductive dimension is less than n − 1 is connected. It is known that a compact connected manifold is a Cantor-manifold [7, 19] .
Properties of surface flows
Let v be a flow on a compact connected surface S. Note that the closedness of the set of singular points implies δP = P∩Per(v) ⊔ LD ⊔ E = P∩(σ Per(v)∪σLD∪σE). We characterize shells σA = A − A.
Lemma 3.1. The following statements hold for a flow v on a compact surface S:
Proof. It is known that a total number of Q-sets for v is bounded [9, 11] . By Proposition 2.2 [21] , assertions 1) and 2) hold. Lemma 2.3 [21] implies that Per(v)∩ (LD ⊔ E) = ∅ and so
We characterize the border δP = P − intP of the union P.
Proof. Lemma 3.1 implies that (σ Per(v)⊔σLD⊔σE)\Sing(v) ⊆ δP. Conversely, the closedness of Sing(v) implies that δP = P − intP = P ∩ S − P = S − P − (S − P) = Proof. Fix a point x ∈ LD ⊔ E and a transverse arc I ⊂ U such that x is the interior point of I. Fix a path C in the orbit O(x) whose boundary is contained in I. Taking a small sub-arc of I, by the non-closed weak recurrence, we may assume that the holonomy map along C is orientation-preserving, because a Möbius band contains an annulus. By the waterfall construction (see Figure 6 ), there is a closed transversal γ intersecting O(x) near the union of the path C and the transverse subarc J of I with ∂C = ∂J. Since x is non-trivial recurrent, the intersection γ ∩ O(x) is infinite. Suppose that γ is not essential. Let S * be the resulting closed surface from S by collapsing all boundaries into singletons. Then γ is null homotopic in S * and so the point x ∈ P, which contradicts the weak recurrence of x.
This implies the following corollary.
Corollary 3.4. A Q-set is a quasi-Q-set
Proof. Let γ be a Q-set. Then there is a non-trivial weakly recurrent orbit O ⊂ γ. By Lemma 3.3, there is an essential closed transversal T through O in U . Then it intersects an essential closed transversal infinitely many times.
We obtain the following description of a neighborhood of Per(v).
Proof. Taking the orientation double covering (resp. the double of a manifold), we may assume that S is closed orientable. Fix a point x ∈ Per(v). Take a small collar
The flow box theorem implies that there are an open annulus A ⊆ U which is also a collar of O(x) and a transverse closed arc T + ⊆ A such that x is contained in ∂T + . Then there are a small subinterval S + ⊆ T + containing x and the first return map f v+ :
Indeed, suppose that f v+ : S + → T + is either contracting or expanding near zero. Then O is a limit cycle and so Sat v (T + ) ⊆ Per(v) ⊔ intP. Suppose that f v+ : S + → T + is neither contracting nor expanding near zero. This implies that zero is an accumulation point of the fixed point set Fix(f v ). Shortening T + , we may assume that f v (1) = 1 and so S + = T + . Then the saturation of T + is a closed annulus, and each orbit intersecting Fix(f v ) is contained in Per(v) and each orbit intersecting
By symmetry, there is a transverse closed arc T − ⊆ A with x ∈ ∂T − such that
. This implies that Per(v) ⊔ intP is a neighborhood of x and so of Per(v).
Lemma 3.6. δ Per(v) ⊆ intP is contained in the closure of the union of limit cycles.
Proof. Obviously, each limit cycle is contained in δ Per(v). Taking the orientation double covering, we may assume that S is orientable. By Lemma 3.5, the union Since O is not a limit cycle, the return map f v : S → T is neither contracting nor repelling near zero. This implies that zero is an accumulation point of the fixed point set Fix(f v ). Since O ⊆ intP, the transverse T has a convergence sequence to zero of fixed points which are either attracting or repelling from at least one side. This means that O is contained in the closure of the union of limit cycles.
We obtain the following description of a neighborhood of E (resp. LD).
Proof. By the Maǐer theorem [9, 10] , the closure E is a finite union of closures of exceptional orbits and so δE = E. Lemma 3.
Note that intP ⊔ E is not a neighborhood of E and that intP ⊔ LD is not a neighborhood of LD in general. For instance, there is a toral flow such that intP ⊔E is not a neighborhood of E. In fact, consider a Denjoy flow v on a torus with an exceptional minimal set M. Fix an orbit O ⊂ M. Choose a point x ∈ O and a sequence (t n ) n∈Z on O with lim n→∞ t n = ∞, lim n→−∞ t n = −∞, and lim n→∞ x n = lim n→−∞ x n = x, where x n := v tn (x). Using the bump function ϕ with ϕ −1 (0) = {x n | n ∈ Z}, replace O with a union of singular points and separatrices of the resulting flow
, where P(v ϕ ) is the union of non-closed proper orbits of v ϕ and E(v ϕ ) is the union of exceptional orbits of v ϕ . Since
Moreover, there is a toral flow w ϕ with countable singular points and with Cl(w ϕ ) = Ω(w ϕ ) such that intP(w ϕ ) ⊔ LD(w ϕ ) is not a neighborhood of LD(w ϕ ). Indeed, consider an irrational toral flow w. Fix an orbit O. Choose a point x ∈ O and a sequence (t n ) n∈Z on O with lim n→∞ t n = ∞, lim n→−∞ t n = −∞, and lim n→∞ x n = lim n→−∞ x n = x, where x n := w tn (x). Replacing O by a union of singular points and separatrices, we obtain the resulting flow w ϕ on the torus T 2 such that the singular point set Sing(w ϕ ) = {x} ⊔ {x n } n∈Z is countable,
is not open. We summaries the descriptions of neighborhoods as follows.
Theorem 3.9. Let v be a flow on a compact surface S. The following statements hold:
Heights of orbits
Let v be a flow on a compact connected surface S. Recall that A ⇑ = ↑ A −Â for a subset A. Note that any neighborhood of a subset A contains ↑ A and so A ⇑ . We characterize superior points.
Lemma 4.1. The following statements hold:
Proof. Since closed orbits are minimal sets, assertions 1) and 3) hold. Lemma 2.1
Corollary 4.2. The following statements hold:
Proof. Since the orbit class of a closed orbit is the orbit, assertions 1) and 2) hold. The previous lemma implies 3) obviously. Proposition 2.2 [21] implies assertions 4) and 5).
The previous corollary implies that a locally dense quasi-Q-set is a Q-set. Recall that A ⇓ = ↓ A −Â ⊆ A −Â ⊆ σA for a subset A. We characterize inferior points.
Lemma 4.3. The following statements hold:
Proof. Since closed orbits are minimal sets, assertions 1) and 2) hold. Lemma 4.1 implies the remaining statements.
Corollary 4.4. The following statements hold:
Proof. The previous lemma implies assertion 1). Proposition 2.2 [21] implies assertions 2) and 3).
Lemma 4.5. The following statements hold:
1) The set min S of height zero points is the union of minimal sets.
Proof. The definition of height implies 1). Since closed orbits are minimal sets, the definition of P implies assertion 2). Lemma 4.1 and the definition of a limit circuit imply 3). By Theorem 2.2 [12] (cf. Lemma 3 [18] ), the finiteness of singular points implies 4).
We show that the orientable double cover of a non-orientable surface preserves the height of points. Lemma 4.6. Let p : S → S be the projection from the orientable double cover of a non-orientable surface S to S and v the lift of a flow v on S. For any x ∈ S, the height of x equals the height p( x).
Proof. By the definition of the orientable double cover, for any point x ∈ S and for any
Since the image of a compact subset is compact, the image
Since p is a double covering, the saturation of the lift of a point is the lift of its saturation. The locally homeomorphic property of coverings implies that
). To show the assertion, we suffices to show that for any orbit O of S and for any x 1 , x 2 ∈ p −1 (Ô), we have ht( x 1 ) = ht( x 2 ). Indeed, assume that there are points
. This means that both x 1 and x 2 are non-trivial weakly recurrent orbits. Let
2 ). This means that ht( x 1 ) = ht( x 2 ), which contradicts the inequality.
We show the following transversality. Lemma 4.7. Each point whose height is more than two intersects an essential closed transversal infinitely many times.
Proof. Let x be an point whose height is k > 2, y ∈ O(x) an point of height k − 1, and z ∈ O(y) an point of height k − 2. Since the heights of closed orbits are zero, we have z ∈ P ⊔ LD ⊔ E. Take a transverse open arc T through z. Since z ∈ O(y), there is a closed sub-arc I ∈ T with ∂I ⊂ O(y) such that the holonomy map along C is orientation-preserving, where C ⊂ O(y) is the path with ∂C = ∂I. By the waterfall construction, there is a closed transversal γ intersecting O(y) near the union of the path C and the transverse sub-arc I. Since y ∈ O(x), the orbit O(x) intersects γ infinitely many times. If γ is not essential, then it bounds either a disk or an annuls parallel to ∂S and so y / ∈ O(x) because γ consists of points of maximal height. Thus γ is essential.
The proof of the previous lemma implies the following statement.
Lemma 4.8. Let x be a point whose height k > 2, y ∈ O(x) an point of height k − 1, and z ∈ O(y) a proper point of height k − 2. Then there is an essential closed transversal which intersects O(x) but no times O(z).
We show the finiteness of the height of some compact surfaces.
Lemma 4.9. The height of a flow on a compact surface contained in either a sphere or a projective plane is at most two.
Proof. Suppose that the height of a flow on a compact surface is more than two. Taking the orientable double cover if necessary, we may assume that the surface is orientable. Then the genus of the compact surface is zero and so each closed curve is not essential. By Lemma 4.7, there is an essential closed transversal infinitely many times, which contradicts the non-existence of essential closed curves. Proposition 4.10. The height of a flow on an orientable compact surface whose genus is g > 0 is at most 2g + 3.
Proof. Since any pair of two distinct Q-sets do not intersect, each chain in the orbit class space whose top class consists of non-closed weakly recurrent points contains exactly one Q-set. We show the assertion by the induction. Suppose that the height of a flow on a compact surface is more than 2g +3. Taking the double of a manifold, we may assume that the surface is closed. Let x 2g+4 be an point whose height is 2g + 4, x 2g+3 ∈ O(x 2g+4 ) an point of height 2g + 3, and z ∈ O(x 2g+3 ) a proper point of at least height 2g + 1. Then either O(x 2g+4 ) ∩ (LD ⊔ E) = ∅ or there is an integer k ∈ [1, 2g + 4] such that the height of each non-closed weakly recurrent point in O(x 2g+4 ) is k. Suppose that the height of z is 2g + 2 = 2(g − 1) + 4. By Lemma 4.8, there is an essential closed transversal γ which intersects O(x 2g+4 ) but not O(z). Cutting γ and pasting a source disk and a sink disk to the new boundary, the resulting surface is a closed surface whose genus is g − 1 and the height of the resulting flow is at least 2(g − 1) + 4, which contradicts the inductive hypothesis. Thus we may assume that there is a weakly recurrent point x 2g+2 ∈ O(x 2g+3 ) whose height is 2g +2. In particular, any point of height less than 2g +2 in O(x 2g+2 ) is not weakly recurrent. Then there are a proper point x 2g+1 ∈ O(x 2g+2 ) of height 2g + 1 and an essential closed transversal γ g which intersects O(x 2g+3 ) but not O(x 2g+1 ). Cutting γ g and pasting a source disk and a sink disk to the new boundary, the resulting surface is a closed surface whose genus is g − 1 and there is a point of height 2g + 1. Repeatedly cutting and pasting g − 1 times, the resulting surface is a closed surface whose genus is a sphere and the height of the resulting flow is at least 3, which contradicts Lemma 4.9.
Taking the orientation double covering, we obtain the following statement.
Proposition 4.11. The height of a flow on a non-orientable compact surface whose non-orientable genus is p ≥ 1 is at most 2p + 1.
Proof. Since the orientation double covering of a non-orientable closed surface whose genus is p has genus p − 1 and 2(p − 1) + 3 = 2p + 1, the previous proposition implies the assertion.
We'd like to know whether there is a flow of height more than three on a compact surface.
Reductions of quasi-circuits and quasi-Q-sets
We show that a limit quasi-circuit is a generalization of both a closed orbit and a limit circuit, and that a quasi-Q-set is a generalization of a Q-set.
Lemma 5.1. Suppose that the singular point set is finite. Then a limit quasi-circuit is a limit circuit which is either attracting or repelling.
Proof. Let γ be a limit quasi-circuit. Then a quasi-circuit is contained in Sing(v)⊔P. Therefore the quasi-circuit γ consists of non-closed proper orbit and finitely many singular points. Since γ is limit, the finiteness of Sing(v) implies that γ is attracting or repelling.
Lemma 5.2. Suppose that the singular point set is finite. Then a quasi-Q-set is a Q-set.
Proof. Let x be a point whose ω-limit set ω(x) intersects an essential closed transversal T infinitely many times. Suppose that ω(x) ∩ (LD ∪ E) = ∅. Since ω(x) contains a Q-set, a generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points implies that ω(x) is a Q-set. Assume that ω(x) ∩ Per(v) = ∅. Then ω(x) becomes a limit cycle and so intersects T at most finitely many times, which contradicts the existence of infinitely many intersections. Thus ω(x) contains no periodic orbits. Suppose that ω(x) consists of singular points and non-closed proper orbits. By a generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points, the ω-limit set is a limit circuit γ and so compact. Assume that the closed transversal T intersects the limit circuit γ infinitely many times. Since γ contains at most finitely many singular points, there are singular points y, z ∈ γ and infinitely many orbits O i contained in γ each of whose boundaries consists of y and z. By the compactness of the whole surface S, we may assume that O i are isotopic relative to {y, z}. There are three orbit ∈ D and so O j is not contained in γ, which contradicts O j ⊂ γ. Thus T intersects the limit circuit γ at most finitely many times, which contradicts the hypothesis.
Poincaré-Bendixson theorem for surface flows with arbitrarily many singular points
We show that the infinite intersection of an essential closed transversal implies the existence of either a quasi-Q-set or a quasi-circuit.
Lemma 6.1. Let x be a point contained in a closed transversal γ such that O + (x) intersects γ infinitely many times. Then ω(x) is either a quasi-Q-set, an essential limit cycle, or a quasi-circuit.
Proof. Suppose that a positive orbit O + (x) intersects a closed transversal γ infinitely many times. Then γ is essential. Suppose that ω(x) is not a quasi-Q-set. Then γ ∩ ω(x) is finite. Moreover, the ω-limit set ω(x) contains no non-trivial weakly recurrent orbits. In other words, we have ω(x) ⊂ Sing(v) ⊔ Per(v) ⊔ P. If ω(x) contains periodic orbits, then it is a limit cycle. Thus we may assume that ω(x) ⊂ Sing(v) ⊔ P. We show that there are a closed sub-arc I of γ, a point y ∈ O(x) ∩ I ∩ ω(x), a point x 0 ∈ O(x) ∩ I with {y} = I ∩ ω(x) ⊂ ∂I = {x 0 , y}, and a strictly increasing sequence (x i ) i∈Z ≥0 in I converging to y, where x i is the i-th return image of x 0 on I. Indeed, since γ is compact, the intersection ω(x) ∩ γ is nonempty. Fix a point y ∈ γ ∩ ω(x). Then there are a point
To prove the claim, we suffices to show that there is a large number N > 0 such that x i < x i+1 in I for any natural number i > N . Otherwise x i > x i+1 holds for infinitely many natural numbers i. Since {y} = I ∩ ω(x), each closed sub-arc of intI intersects at most finitely many points of O(x). Therefore there are infinitely many triples i k− < i k0 < i k+ of natural numbers with i k+ < i k+1− such that
Denote by I i k −0 (resp. I i k 0+ ) by the sub-arc of I whose boundary consists of x i k − and x i k 0 (resp. x i k 0 and x i k + ), and by C i k −0 (resp. C i k 0+ ) the curve contained in O(x) whose boundary consists of x i k − and x i k 0 (resp. x i k 0 and x i k + ). Then the unions γ i k −0 := C i k −0 ∪ I i k −0 and γ i k 0+ := C i k 0+ ∪ I i k 0+ are simple closed curves whose intersection is an closed arc I i k 0+ . By a deformation like the waterfall construction as Figure 7 , we obtain two simple closed curves γ
whose intersection is x i k + and which are close to the original simple closed curves γ i k −0 and γ i k 0+ respectively. Note that if S is orientable then we can choose γ
) = ∅ for any k = l. Since these simple closed curves intersects exactly one point, they are essential. Cutting γ
and collapsing new boundary components into singletons, we obtain the resulting surface whose genus is the genus of S minus one. Since there are infinitely many disjoint bouquets γ
, the genus of S is not finite, which contradicts the compactness of S. Thus there is a large number N > 0 such that x i < x i+1 in I for any natural number i > N . Shortening I, we may assume that the closed sub-arc I ⊂ γ with y and (x i ) i∈Z ≥0 is desired. Denote by I i by the sub-arc of I whose boundary consists of x i and x i+1 , and by C i the curve contained in O(x) whose boundary consists of x i and x i+1 . Let D i be the open subset bounded by the union I i ∪ C i ∪ I i+1 ∪ C i+1 . Since there are at most finitely many genus, we may assume that D i is a rectangle by Figure 7 . Deformation of two simple closed curves
This means that ω(x) is a boundary component of the annulus A 0 and so consists of separatrices and singular points.
The author would like to know whether a quasi-circuit in the previous lemma is essential.
Lemma 6.2. There are no limit quasi-circuits which are also quasi-Q-sets.
Proof. Let x be a point whose ω-limit set ω(x) is a limit quasi-circuit. Since a limit quasi-circuit is nowhere dense, it is not locally dense. Since ω(x) is a limit quasicircuit, there is a small open annulus A of which ω(x) is a boundary component such that the two boundary components of A is disjoint. Denote by ∂ 1 the another boundary component of ∂A. In other words, we have ∂A = ω(x) ⊔ ∂ 1 . Fix any distance function d on S induced by a Riemannian metric. Since the boundary components of A are compact and disjoint, there is a positive number
Then there is a closed transversal γ which intersects ω(x) infinitely many times. Moreover, there is a sequence (C i ) of orbit arcs contained in ω(x) converging to an orbit arc C ∞ . Here an orbit arc is an arc contained in an orbit. The fact that γ contains no singular point implies that there is a small number δ > 0 with δ < d A such that B δ (γ) := {y ∈ S | d(y, γ) < δ} is an open annulus and consists of orbit arcs each of which connects the two boundary components as Figure 8 .
and let x i ∈ C ′ i ∩ γ be the intersection point. Let f i : [0, l i ] → γ ⊂ S be the closed arc parameterized by arc length from x i to either x i−1 or x i+1 such that f i ((0, r i )) ⊂ A and f i (r i ) ∈ ∂ 1 for some real number r i ∈ (0, l i ). By definition, we obtain f i (l i ) ∈ ω(x). Since γ is compact, we have lim i→∞ l i = 0. Fix a large integer N such that l N < δ. We show that f N (l N ) ∈ A. Indeed, since δ < d A , this implies that any closed arc from x i whose length is less than δ and which intersects A but does not intersect C 
is not a quasi-Q-set.
We generalize the Poincaré-Bendixson theorem for a flow with arbitrarily many singular points on a compact surface. Theorem 6.3. Let v be a flow on a compact connected surface S. The ω-limit set of any non-closed orbit is one of the following exclusively:
i) a nowhere dense subset of singular points. ii) a limit cycle.
iii) a limit quasi-circuit. iv) a locally dense Q-set. v) a quasi-Q-set which is not locally dense.
Proof. Let x be a point whose orbit is not closed. If ω(x) contains a locally dense orbit, then ω(x) = O(x) is a locally dense Q-set. Suppose ω(x) contains an exceptional orbit O. Since a Möbius band contains an annulus, taking a small transverse arc if necessary, the waterfall construction implies that there is a closed transversal γ intersecting O(x) near O infinitely many times. This means that ω(x) is a quasi-Q-set. Thus we may assume that ω(x) ∩ (LD ⊔ E) = ∅. If there is a closed transversal which intersects O + (x) infinitely many times, then Lemma 6.1 implies the assertion. Thus we may assume that O(x) + has no closed transversal intersecting it infinitely many times. Suppose that ω(x) is not contained in Sing(v). If ω(x) contains a periodic orbit, then ω(x) is an attracting limit cycle. Thus we may assume that ω(x) contains neither periodic orbits nor Q-sets. Since S = Sing(v) ⊔ Per(v) ⊔ P ⊔ LD ⊔ E, the ω-limit set ω(x) contains a non-closed proper orbit O such that ω(x) ⊂ Sing(v) ⊔ P. Take a proper point y ∈ O ⊂ ω(x) and a transverse closed arc I one of the which boundary point is y and intersects O + (x) infinitely many times. By the same argument of the proof of Lemma 6.1, the ω-limit set ω(x) is a boundary component of an open annulus A and consists of separatrices and singular points. This mean that ω(x) is a desired limit quasi-circuit.
We show that there are a toral flow v ϕ and a point z whose ω-limit set is a quasi-Q-set but neither a Q-set nor a quasi-circuit. such that Cl(v ϕ ) = Ω(v ϕ ). Indeed, 
, where P(v ϕ ) is the union of non-closed proper orbits of v ϕ and Ω(v ϕ ) is the set of non-wandering points.
There is a flow with an ω-limit set consisting of singular points which is transversely a Cantor set. Indeed, let a non-closed proper orbit O in a Denjoy flow with an exceptional minimal set M. Consider a discontinuous flow whose singular point set is T 2 − O and replace O with a flow box as Figure 9 . Note that a dotted line is a subset of Sing(v). Then the resulting toral flow is continuous such that the ω-limit set of a non-singular point is M.
There is a flow with an ω-limit set consisting of singular points which is the union of two lines and transversely a Cantor set. Indeed, let a non-closed proper orbit O in a Denjoy flow with an exceptional minimal set M. Consider a trivial flow on T 2 and replace O with a flow box as Figure 10 . Note that a dotted line is a subset of Sing(v). Then the resulting toral flow is continuous such that the ω-limit set of a non-singular point is a union of M and the two dotted lines. Similarly, there is a flow w with an ω-limit set which consistis of two non-recurrent orbits and M = Sing(w) − {c} such that the ω-limit set is a limit quasi-circuit which is not a circuit, where c is a center in a flow box as Figure 10 . Indeed, since the complement T 2 − M is a flow box of the Denjoy flow, replace T 2 − M with a flow box as Figure  10 . Then the resulting flow w is desired.
Finiteness of singular points
Let v be a flow on a compact surface S. In this section, we assume that the flow v has finitely many singular points.
7.1. Properties of orbits. Recall that a singular point is a compressed center if for any of its neighborhood U there is its open neighborhood V ⊂ U whose boundary is a periodic orbit. Lemma 7.1. Each point x ∈ Sing(v) ∩ Per(v) is either a compressed center or contained in a directed circuit.
Proof. Suppose that a point x ∈ Sing(v) ∩ Per(v) is not a compressed center. Taking the orientation double covering (resp. the double of a manifold), we may assume that S is closed orientable. Cutting an essential periodic orbit and pasting two center disks, we may assume that each periodic orbit is null homotopic. The finiteness of Sing(v) implies that the singular point x is isolated. Since x is not a compressed center, there is a small open neighborhood U of x which contains no periodic orbits and whose closure is a closed disk such that U ∩ Sing(v) = {x}. Note that U intersects infinitely many periodic orbits. Since x ∈ Per(v), there are a sequence (O n ) n≥0 of periodic orbits and a sequence (x n ) with x n ∈ O n converging to x. Then O n \ U = ∅ and U ∩ O n = ∅ for any n ≥ 0. Therefore there is a convergence sequence (y n ) n≥0 with y n ∈ O n to a point y / ∈ U . Since each periodic orbit is null homotopic, it bounds a singular point. Since | Sing(v)| < ∞, taking a sub-sequence of (O n ) n≥0 , we may assume that there are open annuli A n (n > 0) whose boundary is the union
is an open annulus with x ∈ ∂, where ∂ is a boundary component of A. Since y ∈ ∂ \ U , we obtain ∂ ⊆ U . Because the dimension of A is two, the dimension of the boundary component ∂ is at most one. Then both U ∩ A and U \ A are non-empty open and so U − (U ∩ ∂) = U \ ∂ is disconnected. Since U is a Cantor-manifold, the dimension of the boundary component ∂ is one. Lemma 3.1 implies that
If there is a point z ∈ ∂ ∩ Per(v), then the flow box theorem implies that O n correspond to fixed points of the holonomy of O(z) and that the periodic orbit O(z) ⊂ ∂ is parallel to O n for any n > 0 and so O(y) = ∂, which contradicts to x ∈ ∂ ∩ Sing(v). Thus ∂ ⊆ Sing(v) ⊔ δP. Since the orbit closure of a point in ∂ ∩ δP is contained in ∂, the boundary component ∂ is a union of connecting separatrices and finitely many singular points and so is a directed circuit.
The finiteness of singular points is necessary. In other words, there is a point x ∈ Sing(v) ∩ Per(v) of a flow v which is neither a compressed center nor contained in a directed circuit. Indeed, consider a point x 0 ∈ intP of a flow v 0 and a sequence (x 1/n ) n∈Z>0 (resp. (x −1/n ) n∈Z>0 ) in O(x 0 ) converging from the positive (resp. negative) side in O(x 0 ). Replacing an orbit O(x 0 ) with singular points {x 0 } ⊔ {x −1/n , x 1/n | n ∈ Z >0 } and non-closed proper orbits and blowing up the singular points x −1/n (resp. x 1/n ) (i.e. replacing x −1/n (resp. x 1/n ) by a center disk whose boundary is a union of a homoclinic separatrix and a saddle (see Fig. 11) ) such that the diameters of center disks converge to zero if |n| goes to infinity, the resulting flow v has a point x ∈ Sing(v) ∩ Per(v) which is neither a compressed center nor contained in a directed circuit.
We show that the height of an isolated singular point x / ∈ Per(v) is not maximal Lemma 7.2. For an isolated singular point x / ∈ Per(v), there is a non-singular point whose orbit closure contains x.
Proof. If x ∈ LD ⊔ E, then the assertion holds because the number of Q-sets are finite. Thus we may assume that x / ∈ LD ⊔ E. Assume that there are no nonsingular points whose orbit closures contain x. Since x is isolated, a union S − (Cl(v) − {x}) ⊔ LD ⊔ E ⊆ P ⊔ {x} is an invariant open neighborhood of x. This Proof. Assume that there is a point x ∈ LD ∩ P. Since the orbit closure O(x) is a neighborhood of x, there is a sequence (x n ) n∈Z>0 in O(x) ∩ P ⊆ LD converging to x such that O(x n ) ∩ O(x m ) = ∅ for any n = m ∈ Z >0 . By the fact x n ∈ intLD, we have that O xn is not a simple closed curve and so ω(x) = α(x). We show that O(x n ) − O(x n ) consists of two singular points. Indeed, by a generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points (Theorem 2.6.1 [14]), the ω-limit set of O(x n ) is either a singular point, an attracting limit circuit, or a Q-set. Assume that ω(x n ) is an attracting limit circuit. Since each orbit whose closure intersects an attracting limit circuit is proper, the inclusion O(x n ) ⊆ O(x) implies that the locally dense orbit O(x) is proper, which contradicts. Assume that ω(x n ) is a Q-set. Since O(x n ) is proper, the ω-limit set ω(x n ) is not O(x). Since ω(x n ) ⊆ O(x), Proposition 2.2 [21] implies that ω(x n ) = O(x), which contradicts. Thus ω(x n ) is a singular point. By symmetry, the α-limit set α(x n ) is a singular point. Since | Sing(v)| < ∞, there are singular points α = ω and a subsequence (x kn ) n∈Z>0 of (x n ) n∈Z>0 such that ω(x kn ) = ω and α(x kn ) = α. Since S is compact, there are an open disk D ⊆ O(x) and three points x n1 , x n2 , x n3 in the subsequence such that ∂D = O(x n1 )∪O(x n3 ) and x n2 ∈ intD. Then LD∩intD = ∅ and so x n2 / ∈ LD, which contradicts to the choice of x n2 . Thus LD ∩ P = ∅.
We show the openness of LD. The finiteness of singular points implies the existence of collar basins of limit circuits.
Lemma 7.5. Every limit circuit has a collar basin.
Proof. Fix a limit circuit γ. Since | Sing(v)| < ∞, there is an open neighborhood U of γ such that (U − γ) ∩ Sing(v) = ∅. Since a limit circuit is directed, there are an associated collar A ⊂ U of γ and a point x ∈ A whose orbit closure contains γ. By time reversion if necessary, we may assume that ω(x) = γ. The flow box theorem implies that ω(y) = γ for any point y ∈ A. This means that A is a collar basin of γ.
Note that each collar basin does not intersect LD ⊔ E. Lemma 7.6. An orbit contained in P ∩ LD ⊔ E is a connecting separatrix.
Proof. Fix a point x ∈ P ∩ LD ⊔ E and an orbit O ⊆ LD ⊔ E with x ∈ O. By a generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points, the ω-limit set of x is either a singular point, an attracting limit circuit, or a Q-set. Assume that the ω-limit set ω(x) is an attracting limit circuit. Then x ∈ intP and so O ∩ P = ∅, which contradicts O ⊆ LD ⊔ E. Assume that ω(x) is a Q-set. Since x is proper, we have ω(x) = O. Since ω(x) ⊆ O, Proposition 2.2 [21] implies that ω(x) = O, which contradicts. Thus the ω-limit set ω(x) is a singular point. By symmetry, the α-limit set α(x) is a singular point.
We describe the border δP as follows.
Proposition 7.7. Each orbit in δP is a connecting separatrix. In particular, we have ht(δP) = 1 if δP = ∅. Moreover, if v is quasi-regular, then δP is a finite union of connecting separatrices.
By a generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points, the ω-limit (resp. α-limit) set of O is either a singular point, or a limit circuit. Since O ⊆ δP, the ω-limit (resp. α-limit) set of O contains no limit circuits and so it is a singular point. Therefore O is a connecting separatrix.
Suppose that v is quasi-regular. Assume that δP is not a finite union of connecting separatrices. Then there are singular points α, ω and infinitely many orbits O i in δP such that ω(O i ) = ω and α(O i ) = α such that the union {ω, α}⊔ω(O i )⊔ω(O i+1 ) bounds an open disks D i . Quasi-regularity implies that D i contains a singular points and so there are infinitely many singular points, which contradicts the finite hypothesis of Sing(v).
The finiteness of Sing(v) is necessary. In fact, there is a flow with a height one point y ∈ δP whose ω-limit set is not a point (see Figure 12) . The previous proposition implies following properties. 
Corollary 7.9. E ⊂ int(E ⊔ intP).
Proof. Assume there is a point x ∈ δP∩E. Then there are a sequence {O n ⊂ δP} n∈Z of orbits and a closed transverse arc γ with x ∈ ∂γ such that x ∈ n O n ∩ γ and O n = O m for any n = m. Suppose that there are infinitely many O n which are homoclinic. Taking a subsequence, we may assume that there is a singular point y = ω(O n ) = α(O n ) for any n. Since S is compact, taking a subsequence, we may Since an open disk does not intersect LD ⊔ E, the disk C n contains S − (P ⊔ LD ⊔ E) = Sing(v) ⊔ Per(v). Since a null homotopic periodic orbit bounds a singular point, the disk C n contains singular points. Hence there are infinitely many singular points, which contradicts the finite hypothesis of singular points. Therefore δP ∩ E = ∅. Theorem 3.9 implies that int(E ⊔ P) \ δP is an open neighborhood of E and so (E ⊔ P) \ δP = E ⊔ intP is a neighborhood of E. Lemma 7.10. The union σLD ∪ σE is a union of connecting separatrices and finitely many singular points. In particular, we have ht(LD ⊔ E) ≤ 2.
Proof. Lemma 3.1 implies LD − LD ⊆ Sing(v) ⊔ δP and E − E ⊆ Sing(v) ⊔ δP. By the finiteness of singular points, Proposition 7.7 implies the assertion.
Finiteness of singular points is necessary in the previous lemma. In fact, a construction in Figure 12 implies that there is a flow with an orbit in δP∩(σLD∪σE) which is not a separatrex. We describe flows near the multi-saddle connection diagram.
Lemma 7.11. Let γ be a multi-saddle connection. If there is a point x ∈ S − (γ ⊔ LD ⊔ E) with ω(x) ∩ γ = ∅ and ω(x) ∩ E = ∅, then the ω-limit set ω(x) is an attracting limit circuit with x ∈ intP and ω(x) ⊆ intP ∩ γ. On the other hand, if there is a directed circuit µ ⊆ γ with an associated collar A such that O ∩ A ∩ µ = ∅ for any orbit O ⊆ A, then there are periodic orbits in A which are essential in A and converge to µ. 
Proof. Suppose that there is a point
Recall that γ is a compact one-dimensional cell complex. By ω(x) ∩ γ = ∅, since each singular point in γ is a multi-saddle, the intersection C := ω(x) ∩ γ is a one-dimensional cell complex without boundary. The flow box theorem implies that there is an open annulus A which consists of finitely many flow boxes as in Figure 13 such that C is a boundary component of A. Since ω(x) ∩ γ = ∅, the ω-limit set of a point in A is the attracting limit circuit C. This means that x ∈ intP and so that ω(x) = C ⊆ intP ∩ γ is an attracting limit circuit. Conversely, suppose there is a directed circuit µ ⊆ γ with an associated collar A such that O ∩ A ∩ µ = ∅ for any orbit O ⊆ A. The flow box theorem implies that we can choose the annulus A to consist of finitely many flow boxes as in Figure 13 such that A contains no singular points. Fix a regular point x ∈ µ and a transverse arc T ⊂ A from x. Since O ∩ A ∩ µ = ∅ for any orbit O ⊆ A, the first return map with respect to T − {x} has fixed points which converge to x. Since each fixed point corresponds to a periodic orbit which is essential in A, this implies the assertion.
Proof. Fix an orbit O ⊆ P. Since LD is open, by a generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points, the ω-limit (resp. α-limit) set of O is either a singular point, a limit circuit, or an exceptional Q-set.
We show that the height of a flow with finitely many singular points is at most three.
Proof. Since ht(Cl(v)) ≤ 0, Proposition 7.7 implies ht(δP ⊔ P lc ) ≤ 1. By Lemma 4.3, we obtain ht(LD ⊔ E) ≤ 2. Lemma 7.12 implies ht(intP) ≤ 3. This means ht(v) ≤ 3.
The author would like to know whether the heights are less than or equal to three unless finiteness. In other words, is the height of any flow on a compact surface less than or equal to three? Recall the shell σA = A − A of a subset A ⊆ S. We state a following shell's property.
Proof. By Lemma 2.3 [21] , we obtain E ⊆ intP \ P ⊆ σP. Recall that S = Sing(v) ⊔ Per(v) ⊔ P ⊔ LD ⊔ E. Since the union LD and the interior int Per(v) are open, we
Summarize the properties of the shells as follows.
Proposition 7.15. Let v be a flow with finitely many singular points on a compact surface S. The following statements hold:
Recall the border δA := A − intA of a subset A ⊆ S. Summarize the properties of the borders as follows. Proof. Since S is compact, there are finitely many boundary components and so the union ∂ Per consists of finitely many orbits. Moreover, int Per(v) − ∂ Per is open. We show that there are at most finitely many non-periodic limit circuits. Indeed, assume that there are infinitely many non-periodic limit circuits. Then there is a saddle x which is contained in infinitely many distinct limit circuit. For each limit circuits, there are closed transversals near and parallel to the limit circuits. If a closed transversal is null homotopic, then it bounds an open disk which contains singular points. By the finite existence of singular points, there are infinitely many disjoint essential closed transversals to non-periodic limit circuits containing x. By the compactness of S, there are four closed transversal γ 1 , γ 2 , γ 3 , γ 4 for distinct limit circuits which are parallel to each other and there is an annulus A whose boundary consists of γ 1 and γ 3 whose contains γ 2 but not γ 4 . Since x ∈ Sat v (γ 2 )\(γ 1 ⊔γ 3 ) ⊆ A, we have x ∈ A. On the other hand, we obtain A ∩ Sat v (γ 4 ) = ∅, which contradicts that x ∈ Sat v (γ 4 ). Since there are at most finitely many non-periodic limit circuits, Sing(v) ⊔ P lc is a union of the singular point set and finitely many non-periodic limit circuits and so is closed. Since multi-saddles are finite, the union P ms ⊔ P ss consists of finitely many orbits and so ∂ Per ⊔ P sep ⊆ Bd. This means that Bd is closed and so the complement is open. Moreover, the finiteness of Sing(v) implies that intP − P sep is open.
Connecting separatrices and limit circuits.
Lemma 7.19. The following are equivalent for a connecting separatrix O:
Lemma 7.20. An orbit O ⊆ P is contained in intP if and only if one of the following conditions holds: 
7.3. Quasi-regular cases. Suppose that v is quasi-regular in this subsection.
Lemma 7.21. Each point in Per(v) ∩ Sing(v) is either a center or a multi-saddle.
Proof. Fix a point x in Per(v) ∩ Sing(v). Quasi-regularity implies that x is either a center, a (∂-)sink, a (∂-)source, or a multi-saddle. A singular point which is a (∂-)sink, or a (∂-)source, has a neighborhood which does not intersect Per(v). Therefore x is neither a (∂-)sink, nor a (∂-)source but so is either a center or a multi-saddle. Proof. Let S + be the set of sources and ∂-sources, S − be the set of sinks and ∂-sinks, W + := x∈S+ W u (x), and
Quasi-regularity implies that each of the ω-limit and the α-limit set of a point in δP is a multi-saddle. Therefore δP⊔P ms = D \Cl(v). Recall that D ss is the union of multi-saddles, multi-saddle separatrices, ss-separatrices, and ss-components. Then the difference D ss \ (Cl(v) ⊔ E) is the union of multi-saddle separatrices and ss-separatrices. This means that D ss \ (Cl(v) ⊔ E) = δP ⊔ P sep .
By Quasi-regularity, an ss-component is either a singular point except a center, a limit circuit, or an exceptional Q-set. Therefore quasi-regularity and Lemma 7.17 implies the following observation.
Lemma 7.23. A difference Bd −δ Per(v) of consists of centers, periodic orbit on the boundary ∂S, multi-saddle connections, ss-separatrices, and ss-components except limit circuits. Moreover if v have at most finitely many limit cycles, then δ Per(v) consists of finitely many limit cycles.
Proof. Recall that Bd = Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ E ⊔ P sep ⊔∂ Per . Quasi-regularity implies that Sing(v) consists of centers and ss-components. By Lemma 7.22, we have that δP ⊔P sep is the union of multi-saddle separatrices and ss-separatrices. By definition of ss-component, the closure E ⊆ Bd consists of ss-components. If there are at most finitely many limit cycles, then δ Per(v) is the union of limit cycles.
On the border point set
Let v be a flow on a compact connected surface S. Define a relation ∼ ex on S as follows: x ∼ ex y if either O(x) = O(y) or both x and y are contained in a multi-saddle connection. Write the extended orbit space S/v ex := S/ ∼ ex . In other words, S/v ex can be obtained from S/v by collapsing the multi-saddle connections into singletons. Note that (S − Bd)/v = (S − Bd)/v ex and that each class of ∼ ex is either an orbit or a multi-saddle connection. Denote by S/v ex the T 0 -tification of S/v ex , called the extended orbit class space. In other words, define a relation ≈ ex on S as follows: x ≈ ex y if either O(x) = O(y) or both x and y are contained in a multi-saddle connection. Then S/v ex := S/ ≈ ex . By Proposition 2.2 [21] , the definitions of the equivalences ∼ ex and ≈ ex imply the following lemma.
Lemma 8.1. Let v be a flow on a compact connected surface S. The following conditions are equivalent:
We obtain the following statements.
Lemma 8.2. Let v be a quasi-regular flow on a compact connected surface S. The following statements hold: 1) If E ⊆ min S, then Bd /v ex is an abstract multi-graph whose vertices are centers, periodic orbits, multi-saddle connections, and ss-components except nonperiodic limit circuits, and whose edges are ss-separatrices.
2) Bd /v ex is finite if and only if there are at most finitely many limit cycles.
3) Bd /v ex = Bd /v ex if and only if E = ∅.
Proof. Lemma 7.17 implies that Bd = Sing(v) ⊔ δ Per(v) ⊔ δP ⊔ E ⊔ P sep ⊔∂ Per . By the definition of ≈ ex , the quasi-regularity and Lemma 7.23 imply assertion 1). By quasi-regularity, the separatrices are finite. Since there are at most finitely many Q-sets, a subset (Bd −δ Per(v))/v ex is finite. This implies assertion 2). Since Bd ∩LD = ∅, the definition of ss-component implies assertion 3).
The finite type condition implies the finiteness of the border point set.
Theorem 8.3. For a flow v of finite type on a compact connected surface, the quotient space Bd /v ex is a finite abstract multi-graph.
Structures of orbits
We summarize the properties of the boundary points and those of border points as follows.
Theorem 9.1. Let v be a flow with finitely many singular points on a compact surface S. The following statements hold:
δP is a union of connecting separatrices. 6) δ Per(v) is contained in the closure of the union of limit cycles.
Proof. Proposition 7.15 implies assertions 1) -4). Proposition 7.7 implies assertion 5). Lemma 3.6 implies assertion 6). Lemma 7.17 implies assertion 7).
9.1. The border point set. Let v be a flow with finitely many singular points on a connected compact surface S. The previous theorem implies the following descriptions of the border point set Bd as follows.
Corollary 9.2. Let v be a quasi-regular flow on a compact surface S. Denote by S c the set of centers, and by D ss the ss-multi-saddle connection diagram. The following statements hold: 1) δP ⊔ P sep is the finite union of multi-saddle separatrices and ss-separatrices.
2) δ Per(v) is contained in the closure of the union of limit cycles. Moreover, if there are at most finitely many limit cycles, then the following statements holds:
The non-existence of exceptional orbits implies the following properties.
Corollary 9.3. The following statements hold for a quasi-regular flow v with E = ∅ on a compact surface S:
2) The orbit space (int(Per(v) − ∂ Per ) ⊔ int(P − P sep ))/v is a one-dimensional manifold.
3) The orbit class space LD/v is a finite discrete space. 4) (S − Bd)/v is a finite union of circles, intervals, and points.
Proof. The previous corollary implies assertion 1). Taking the double of a manifold, we may assume that S is closed. Since there are at most finitely many Q-sets, assertion 3) holds. Since a small saturated neighborhood of a periodic orbit in int Per(v) is either is an annulus or a Möbius band, the orbit space int(Per(v) − ∂ Per )/v is a one-dimensional manifold. By a generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points, quasi-regularity and non-existence of exceptional minimal sets imply that the ω-limit (resp. α-limit) set of a non-closed proper orbit is either a sink, a source, or a limit circuit. Taking a closed transversal which either is parallel to a limit circuit or bounds a sink disk or a source disk, the orbit space int(P − P sep ))/v is an interval or a circle.
9.2. Hierarchy of orbits. Let v be a flow with finitely many singular points on a connected compact surface S. To convert the flow v into discrete data, we state the relations between the heights and types of orbits. Table 1 . Supersets of sets of height k points. For instance, the (2, 2)-entry means that S 3 ⊆ intP − P lc . Table 2 . Subsets of sets of height k points. For instance, the (4, 4)-entry means that (δP ∩ intP ⊔ LD ⊔ E) ⊔ P lc ⊆ S 1 \ max S.
Corollary 9.4. The following statements hold: 1) δ Per(v) ⊆ min S \ max S is the union of limit cycles if there are at most finitely many limit cycles.
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Proof. Since closed orbits are minimal sets, we have assertion 4). Lemma 3.6 implies assertion 1). Lemma 4.5 implies assertion 9). By Lemma 3.7 and Lemma 7.2, assertion 2) holds. Proposition 7.7 implies δP ⊆ S 1 . By the definition of a limit circuit, we have P lc ⊂ S 1 . This means that assertion 3) is true. Proposition 7.13 implies assertion 11). Proposition 7.15 implies assertion 5). A generalization of the Poincaré-Bendixson theorem for a flow with finitely many singular points implies that intP − P lc ⊆ max S. By the definition of max S and assertion 9), assertion 6) holds. Assertions 3) and 6) imply assertion 7). By assertion 6) and Lemma 7.10, we have assertion 8). Since a minimal set is either a closed orbit, a locally dense Q-set, or an exceptional Q-set, assertion 10) holds.
We list all possible orbit closures of maximal points with respect to the pre-order. Lemma 9.5. Let x ∈ S 3 be a point. Then O(x) ∩ S 2 ∩ E = ∅. Moreover, if ω(x) ∩ S 2 ∩ E = ∅, then the following statements hold:
Lemma 9.6. Let x ∈ S 2 ∩ max S be a point. If x ∈ LD, then the following statements hold:
If x ∈ intP − P lc and O(x) ∩ E = ∅, then O(x) contains a limit circuit and the following statements hold: If ω(x) is a limit circuit, then
If ω(x) ∩ E = ∅ (and so x ∈ intP − P lc ), then the following statements hold:
Lemma 9.7. Let x ∈ S 1 ∩ max S be a point. If x ∈ LD, then the following statements hold:
If x ∈ δP, then the following statements hold:
If x ∈ intP − P lc and O(x) ∩ E = ∅, then the following statements hold:
These results imply the following generalization of the Poincaré-Bendixson theorem.
Theorem 9.9. An ω-limit set of an orbit of a flow with finitely many fixed points on a connected compact surface is one of the following exclusively: i) a closed orbit, ii) a dense minimal set which is a torus iii) an exceptional minimal set iv) a height one attracting limit circuit v) a height one locally dense Q-set with singular points vi) a height one exceptional Q-set with singular points vii) a height two locally dense Q-set with connecting separatrices viii) a height two exceptional Q-set with connecting separatrices
Decompositions of flows
Recall that an operation Ct cuts an essential closed transversal and pastes one sink disk and one source disk, an operation Co cuts an essential periodic orbit and pastes one or two center disks, and an operation Cd removes an essential one-sided (resp. two-sided) loop in D and pastes a double covering (resp. two copies) of the loop to the new boundary (resp. new two boundaries) (see Figure 2) . Cutting essential parts, we can reduce surface flows into spherical flows.
Lemma 10.1. Let v be a quasi-regular flow on a connected compact surface S, S o the resulting surface from S by applying an operation Co as possible, S d the resulting surface from S o by applying an operation Cd as possible, and S t the resulting surface from S d by applying an operation Ct as possible. Then each connected component of the surface S t is a subset of a sphere.
Proof. Removing (∂-)0-saddles, we may assume that there are no (∂-)0-saddles. Let v σ be the resulting flow from v on S σ , where σ ∈ {o, d, t}. Since S is compact, the surface S o can be obtained by taking operations C o finitely many times. By construction, the flow v o has no essential periodic orbits. By construction, the flow v d has neither essential periodic orbits nor essential loops in D. Since S d is compact, the surface S t can be obtained by taking operations C t finitely many times. Then the flow v t has neither essential closed transversals, essential loops in D, nor essential periodic orbits. Since each Q-set intersects some essential closed transversal, the flow v t has no Q-sets but consists of proper orbits. We show that each connected component of S t is a subset of a sphere. Indeed, replacing ∂-sinks (resp. ∂-sources) with pairs of a ∂-saddle and a sink (resp. a source) (see Figure 14) , we may assume that there are neither ∂-sinks nor ∂-sources on S t . Then each singular point on the boundary ∂S t is a multi-saddle. Let S 3 be the resulting closed surface from a connected component of S t by collapsing all boundaries into singletons and v 3 the resulting flow on S 3 . Then each new singular point of v 3 is a multi-saddle. Quasi-regularity of v implies that each singular point of the resulting flow v 3 is either a multi-saddle, a sink, a source, or a center. Recall that each separatrix connecting a sink or a source does not belong to any multi-saddle connection. For a k-saddle connection of v 3 (k > 0) such that there is a separatrix from a source to it (resp. from it to a sink), applying the inverse operation of Ch l to the separatrix, we obtain a (k − 1)-saddle connection (see Fig. 15 ). Applying the operations finitely many times and removing 0-saddles, we may assume that there are no ss-separatrices connecting a multi-saddle and either a sink or a source. Therefore each separatrix from (resp. to) a multi-saddle is a multi-saddle separatrix. Then each separatrix either connects a sink and a source or is contained in the multi-saddle connection diagram D(v 3 ) of v 3 . By Lemma 7.11, the directed circuit is a limit circuit or is parallel to a periodic orbit. This means that each multi-saddle connection of v 3 is null homologous with respect to H 1 (S 3 ) and so is null homotopic. Collapsing closed disks each of whose boundaries is contained in the multi-saddle connection diagram D(v 3 ) into singletons, the new singletons are either centers, sinks, or sources. Thus we may assume that D(v 3 ) = ∅ and Figure 14 . Replacing a ∂-sink with a pair of a sink and a ∂-saddle Figure 15 . Inverse operation of the Cherry blow-up operation Ch l to a separatrix from a k-saddle to a sink that each periodic orbit is null homotopic. Therefore v 3 consists of sinks, sources, centers, non-closed proper orbits, and null homotopic periodic orbits. Since there are no essential periodic orbits, there are singular points whose indices are positive. Then the Euler characteristic is positive. Hence the Poincaré-Hopf theorem implies that S 3 is a sphere or a projective plane. We show that S 3 is a sphere. Otherwise S 3 is a projective plane. By the non-existence of multi-saddles, the Poincaré-Hopf theorem implies that there is a just one singular point. Suppose that there is a center. Removing a small open center disk B, the complement S 3 − B is a Möbius band without singular points and so their first return map to an closed transverse arc is an orientation-reversing homeomorphism on a closed interval. Then it has a unique fixed point which corresponds to a one-sided periodic orbit, which contradicts to non-existence of essential periodic orbits. Suppose that there is a sink (resp. source). Since there is only one singular point, which is a sink (resp. source), there is a closed disk B whose boundary is a periodic orbit and whose interior is the unstable manifold of the sink (resp. the stable manifold of the source) and so the complement S 3 − B is a Möbius band without singular points. The same argument implies the contradiction. Thus each connected component of S t is a subset of a sphere.
Note that the operation Cd is necessary in the previous lemma (see Figure 16) . Recall that Bd = ∂ Sing(v) ∪ ∂ Per(v) ∪ ∂P ∪ ∂LD ∪ ∂E ∪ P sep ∪∂ Per . We describe the complement of the border point set Bd as follows. Proof. Removing (∂-)0-saddles, we may assume that there are no (∂-)0-saddles. Replacing ∂ Per with centers, we may assume that ∂ Per = ∅. Since the boundary ∂S is contained in Bd, taking the double of a manifold, we may assume that S is closed. Fix a connected component U of S − Bd. Lemma 7.18 implies that the open subset U is contained in either int Per(v), int(P − P sep ), or LD. Suppose that U ⊆ LD. Since LD is open, fix a point x ∈ U and a transverse arc I ⊂ U where x is the interior point in I. Since a Möbius band contains an annulus, taking a small transverse arc if necessary, by the waterfall construction, there is a closed transversal in U intersecting x. By Lemma 3.3, the closed transversal is essential and so is U . Suppose that U ⊆ int Per(v). If ∂U = ∅, then U is either a torus or a Klein bottle. Thus we may assume that ∂U = ∅. Then U is an open annulus or an open Möbius band. Suppose that U ⊆ int(P − P sep ). The ω-limit (resp. α-limit) set of each point in U is either an exceptional Q-set, a limit circuit or a sink (resp. a source). Cutting an essential periodic orbit and pasting one or two center disks (i.e. taking operation Co), by induction, we may assume that each periodic orbit is null homotopic. Removing directed circuits in Bd, taking the metric completion, and collapsing the new boundaries into singletons, we may assume that there are no directed circuits in Bd. In particular, there are neither limit circuits nor self-connected multi-saddle separatrices. By construction, new singletons are either sinks, sources, centers, or multi-saddles. Cutting the closures of multi-saddle separatrices, collapsing new boundary components into singletons, we may assume that there are no multi-saddle connection separatrices on ∂U . Note U contains no multi-saddles. Then the ω-limit (resp. α-limit) set of each point in U is either an exceptional Q-set or a sink (resp. a source). Suppose that U ∩ E = ∅. Note that the case U contained in the sphere satisfies the condition U ∩ E = ∅. Then we show that U is an open flow box in P by cutting U into small open flow boxes. Indeed, the ω-limit (resp. α-limit) set of each point in U is a sink (resp. a source). Fix a sink s which is the ω-limit set of a point in U and a small closed transversal γ which is a boundary of a sink disk of the sink s. If γ is contained in U , then U is an open annulus in P. Thus we may assume that γ is not contained in U . Then there are separatrices O i between the sink s and multi-saddles such that O i ⊂ ∂U . Since each multi-saddle in ∂U connects between a sink and a source, the boundary ∂U consists of sinks, sources, multi-saddles, and separatrices of multisaddles connecting sinks or sources. Taking a double of U , the resulting flow on the resulting closed surface consists of sinks, sources, 0-saddles, and non-closed proper orbits. Since the index of each singular point is non-negative, the existence of a sink and the Poincaré-Hopf theorem implies that the double is a sphere and there are exactly one sink and one source except 0-saddles on the double. This means U is an open flow box in P. Thus we may assume that U ∩ E = ∅. This implies that S is not spherical. Cutting an essential closed transversal in LD and pasting one sink disk and one source disk, we may assume that LD = ∅. Cutting an essential closed transversal γ i intersecting E and pasting one sink disk and one source disk (i.e. applying an operation Ct) as possible, let T the resulting surface from S, w the resulting flow, and U − ⊆ T be the resulting subset of U \ i γ i . By Lemma 10.1, the resulting surface T is spherical. Let U k be the connected components of U − with U − = k U k . Denote by U (resp. U k ) the saturation of U − (resp. U k ) by w. Recall that a quasi-regular flow without Q-sets (i.e. LD ⊔ E = ∅) is of finite type if there are at most finitely many limit cycles. In the finite type case, we obtain the following statement.
Theorem 10.5. The following statements hold for a flow v of finite type on a compact surface S:
1) The orbit space (S − D ss )/v (resp. (S − Bd)/v ) is a finite disjoint union of intervals and circles.
2) The orbit space (S − BD)/v is a finite disjoint union of open intervals and circles.
Density of periodic orbits in the omega limit set
In this section, we consider when the omega limit set corresponds to the closure of the union of closed orbits. It is known that the rotation number of a circle homeomorphism f : S 1 → S 1 is rational if and only if Per(f ) = Ω(f ), where Per(f ) is the set of periodic points of f . Note Fix(f ) ⊆ Per(f ), where Fix(f ) is the set of fixed points of f .
First, we show that the condition Cl(v) = Ω(v) implies the non-existence of Qsets and of strict limit non-periodic circuits. Recall that a non-wandering flow on a compact surface has no exceptional orbits (i.e. E = ∅). Note that the converse of Lemma 11.1 is not true, because of the flow v ϕ constructed at the end of §3. Moreover, there is a flow v on a compact surface S with countable singular points and with a non-periodic non-limit directed circuit in Ω(v) such that Cl(v) = Ω(v) (see Figure 17) . Indeed, consider a toral flow w with one essential limit cycle C but without singular points. Fix a point z ∈ C and a non-closed proper orbit O. Write an open disk D := T 2 − (C ⊔ O). Choose a closed transversal T through z, a point x ∈ O, and a monotonic sequence (t n ) n∈Z on O such that T ∩ O = {x n } n∈Z , lim n→∞ t n = ∞, lim n→−∞ t n = −∞, and lim n→∞ x n = lim n→−∞ x n = z, where x n := w tn (x). Write D n the open flow box with four corners x n , x n+1 , x n+2 , x n+3 such that
by a box with a flow as shown in Figure 17 , we obtain the resulting flow v on the torus T 2 such that the singular point set Sing(v) = {z} ⊔ {x n , y n } n∈Z ⊂ T is countable, T 2 = Sing(v) ⊔ P, and Ω(v) = C ⊔ {x n , y n } n∈Z Sing(v) = Cl(v). We describe a property of neighborhoods of directed non-limit cycles.
Lemma 11.3. Let v be a flow on a compact surface S and γ a directed circuit with isolated singular points and with an associated collar A of γ such that γ is not a limit circuit with respect to A. Then γ ⊂ Per(v). Moreover there is a sequence (O n ) n∈Z>0 of periodic orbits each of which is essential in A and is homologous to γ.
Proof. Taking A small, we may assume that A contains no singular points. Then each periodic orbit contained in A is essential in A. Fix a regular point x ∈ γ and a transverse arc T ⊂ A from x. Since O ∩ A ∩ γ = ∅ for any orbit O intersecting A, the first return map with respect to T − {x} has fixed points which converge to x. Since each fixed point corresponds to a periodic orbit which is essential in A, this implies γ ⊂ Per(v) in A ⊔ γ.
We consider the non-wandering case.
Lemma 11.4. Let v be a flow on a compact surface S. The following are equivalent: 1) v is non-wandering and Cl(v) = Ω(v).
2) v is non-wandering and LD = ∅.
Proof. Recall that S = Sing(v)⊔Per(v)⊔P⊔LD⊔E. Obviously, the conditions 1) and 5) are equivalent. We prove that the non-wandering property is equivalent to the property intP = ∅. Indeed, since P is the complement of the set of weakly recurrent points, the non-wandering condition implies intP = ∅. Conversely, the condition intP = ∅ implies that the closure of the set of weakly recurrent points is the whole surface S. This means that v is non-wandering. The equivalence implies that the conditions 1) and 3) (resp. 2) and 4)) are equivalent. We show that the condition 4) is equivalent to the condition 5). Indeed, suppose LD ⊔ intP = ∅. By Lemma 2.3 [21] , we have E = ∅ and so S = Cl(v) ⊔ P. Since intP = ∅, we have S = Cl(v). Conversely, suppose Cl(v) = S. Then intP = ∅ and Sing(v) ∪ Per(v) = S ⊇ LD. Since Per(v) ∩ LD = ∅, we obtain LD = ∅. This implies that LD ⊔ intP = ∅.
In the non-wandering case, the non-existence of locally dense orbits is equivalent to the property Cl(v) = Ω(v).
Corollary 11.5. Let v be a non-wandering flow on a compact surface S. The following are equivalent:
We consider the case S = Per(v) ⊔ P. Proof. Since each ω-limit (resp. α-limit) set of an orbit in P is a limit cycle, the union P is open and so Ω(v) = Cl(v) = Per(v).
11.1. Density of periodic orbits in the omega limit set for (quasi-)regular flows. We consider the regular case without (∂-)saddles (i.e. quasi-regular case without multi-saddles).
Lemma 11.7. Let v be a quasi-regular flow without multi-saddles on a compact surface S. Then LD ⊔ E = ∅ if and only if Cl(v) = Ω(v). In each case, we have
Proof. By Lemma 11.1, the condition Cl(v) = Ω(v) implies LD⊔E = ∅. Conversely, suppose that LD ⊔ E = ∅. Since the relation Ω(v) = Cl(v) is invariant under the orientation double covering (resp. taking the double of a manifold), taking the orientation double covering (resp. the double of a manifold), we may assume that S is closed orientable. Quasi-regularity implies that each singular point is either a center, a sink, or a source. Note the index of each singular point is one. The Poincaré-Hopf theorem implies that S is either a sphere or a torus. Suppose that S is toral. Since v is regular and has no saddles, the flow has no singular points. Then S = Per(v) ⊔ P. By Lemma 11.6, the assertion holds. Suppose that S is spherical. Then S = Sing(v) ⊔ Per(v) ⊔ P. The Poincaré-Hopf theorem implies that there are exactly two singular points, each of which is a center, a sink, or a source. Moreover, each omega limit set of a non-closed point is either a sink, a source, or a limit cycle. We show that the union Cl(v) is closed. Indeed, assume that there are two singular points which are sinks or sources. Define σ (resp. µ) as follows: σ = u if x is a sink (resp. µ = u if y is a sink) and σ = s if x is a source (resp. µ = s if y is a source). Then which is open, it is the set of non-weakly-recurrent points. By the Poincaré-Hopf theorem, since each omega limit set of a non-closed point is either a sink, a source, or a limit cycle, for any point of P, there is a closed transversal intersecting its orbit and contained in P around either a limit cycle, a sink, or a source. Therefore P consists of wandering points and so S − P = Ω(v) = Cl(v) is closed.
Recall that a regular flow without (∂-)saddles is a quasi-regular flow without multi-saddles and vice versa.
Lemma 11.8. Let v be a quasi-regular flow on a connected compact surface S. Suppose that the multi-saddle connection diagram contains no directed circuit (i.e. is a forest as a graph ). Then LD ⊔ E = ∅ if and only if Cl(v) = Ω(v). In each case, we have Cl(v) = Ω(v).
Proof. By Lemma 11.1, the condition Cl(v) = Ω(v) implies LD⊔E = ∅. Conversely, suppose that LD ⊔ E = ∅. Then S = Cl(v) ⊔ P. We may assume that S = Cl(v). By Lemma 11.7, we may assume that there are multi-saddles. As above, taking the orientation double covering (resp. the double of a manifold), we may assume that S is closed orientable. Let D be the multi-saddle connection diagram. We show that P is open. Indeed, by Lemma 7.1, the quasi-regularity implies that each boundary component of Per(v) is either a center or a limit cycle. This means that ∂ Per(v) ⊆ Cl(v) and so Cl(v) is closed. Then the union P = S − Cl(v) is open. By the non-existence of Q-sets and of directed circuits and by the Poincaré-Bendixson theorem, the ω-limit (resp. α-limit) set of a point in P \ D is either a limit cycle, a sink (resp. a source), or a multi-saddle. This implies that each orbit closure of a point in P \ D contains either a limit cycle, a sink, or a source. Then there is a closed transversal around either a limit cycle, a sink, or a source which is contained in P. Therefore P − D consists of wandering points. We show that P ∩ D = P ss consists of wandering points. Indeed, fix a point x contained in P ∩ D. Note that the complement S − BD consists of two open invariant subsets int Per(v) and P − P sep . The non-existence of limit circuits implies that O(x) is a subset of the boundary ∂(P − P sep ) and there are two open flow boxes in P each of whose boundary contains x and of which is a connected component of P − P sep , and so that there is a small wandering neighborhood of x. Therefore each point in P is wandering (i.e. P ∩ Ω(v) = ∅) and so Cl(v) = Ω(v).
To use the induction of the number of directed non-periodic circuits, we show the following lemma.
Lemma 11.9. Let v be a quasi-regular flow on a compact surface S and γ a directed circuit. Suppose that there are no strict limit non-periodic circuit. Removing γ, taking the metric completion of S − γ, and collapsing each new boundary component into a singular point, denote by w the resulting flow on the resulting compact surface T . Then Cl(v) = Ω(v) if and only if Cl(w) = Ω(w).
Proof. As above, taking the orientation double covering (resp. the double of a manifold), we may assume that S is closed orientable. Since there are no strict limit circuit which is not a periodic orbit, we have γ ⊂ Per(v) ⊔ LD ⊔ E. For a point x ∈ S − γ, denote byx the resulting point of x in T . Denote byγ the two point set of new singular points of w induced by γ. In other words, the mappinĝ : S −γ → T −γ is a homeomorphism. Note Cl(v) =ˆ− 1 (Cl(w)−γ)⊔(Sing(v)∩γ) = {x |x ∈ Cl(w)−γ}⊔(Sing(v)∩γ) and Cl(w) = (Cl(v)\γ)ˆ⊔γ = {x | x ∈ Cl(v)\γ}⊔γ.
Suppose that Cl(v) = Ω(v). Theorem 11.1 implies LD ⊔ E = ∅. By construction, we have LD(w) ⊔ E(w) = ∅. This implies that S = Sing(v) ⊔ Per(v) ⊔ P and T = Sing(w) ⊔ Per(w) ⊔ P(w). Fix a point p ∈ Ω(w). We show that p ∈ Cl(w). Indeed, if p ∈γ, then p ∈ Cl(w). Thus we may assume that there is a point x ∈ S − γ such that p =x. Fix any neighborhood U of x with U ∩γ = ∅. Sincex is non-wandering, there is an arbitrarily large number r > 0 such thatÛ ∩ t>r w t (Û ) = ∅. Since the circuit γ is closed invariant, we obtain U ∩ t>r v t (U ) = ∅. This means that x ∈ Ω(v) − γ = Cl(v) − γ and so p =x ∈ Cl(w). Therefore Cl(w) = Ω(w). Conversely, suppose that Cl(w) = Ω(w). As above, we obtain S = Sing(v) ⊔ Per(v) ⊔ P and T = Sing(w) ⊔ Per(w) ⊔ P(w). Fix a point x ∈ Ω(v). We show that x ∈ Cl(v). Indeed, suppose x ∈ γ. We may assume that O(x) is not periodic. Since γ is not a strict limit non-periodic circuit, it is a non-strict limit circuit. The quasiregularity implies x ∈ Per(v). Thus we may assume that x ∈ Ω(v) − γ. Fix any neighborhoodÛ ofx withÛ ∩γ = ∅. Then U := {x ∈ S |x ∈Û } is a neighborhood of x such that U ∩ γ = ∅. Since x is non-wandering, there is an arbitrarily large number r > 0 such that U ∩ t>r v t (U ) = ∅. ThenÛ ∩ t>r w t (Û ) = ∅ and sô x ∈ Ω(w) −γ = Cl(w) −γ. Therefore x ∈ Cl(v). This implies Cl(v) = Ω(v).
Proposition 11.10. Let v be a quasi-regular flow on a compact surface S. If LD ⊔ E = ∅ and there are no strict limit non-periodic circuit, then Cl(v) = Ω(v).
Proof. Suppose that LD ⊔ E = ∅ and there are no strict limit non-periodic circuit. By the Poincaré-Bendixson theorem, the absence of Q-sets implies that each ω-limit (resp. α-limit) is either a closed orbit or a limit circuit and that S = Sing(v) ⊔ Per(v) ⊔ P = Cl(v) ⊔ P. Taking the orientation double covering (resp. the double of a manifold), we may assume that S is closed orientable. Let N (v) be the number of directed circuits in the multi-saddle connection diagram. By induction on N (v), we show the assertion. Indeed, if N (v) = 0, then Lemma 11.8 implies the assertion. Thus we may assume that there is a directed circuit in the multi-saddle connection diagram. Since there are no strict limit non-periodic circuit, taking an innermost circuit γ, for any edge e of γ, there is a directed circuit µ with the associated collar A such that µ contains e but is not a limit circuit with respect to A. By Lemma 11.3, we have µ ⊂ Per(v). As in Lemma 11.9, removing µ, taking the metric completion of S − µ, and collapsing each new boundary into a singular point, denote by w the resulting flow on the resulting compact surface T . Then we have N (w) < N (v). By Lemma 11.9, the inductive hypothesis implies the assertion.
Summarizing the necessary and sufficient conditions, we obtain the following statement.
Theorem 11.11. Let v be a quasi-regular flow on a compact surface S. The following conditions are equivalent: 1) LD ⊔ E = ∅ and there are no strict limit non-periodic circuit.
2) Cl(v) = Ω(v).
Note the quasi-regularity is necessary. In other words, Cl(v) Ω(v) in general. Indeed, there is a flow v on a compact surface S with LD ⊔ E = ∅ and Cl(v) Ω(v) but without strict limit non-periodic circuit (e.g. Example before Lemma 11.3).
Graphs of surface flows
Let v be a quasi-regular flow with E = ∅ on a compact surface.
12.1. Abstract multi-graphs of separatrices. Lemma 8.2 and Corollary 9.3 imply the following statement.
Corollary 12.1. The quotient space D ss /v ex = D ss /v ex (resp. Bd /v ex = Bd /v ex ) for a quasi-regular flow v with E = ∅ on a compact surface is an abstract multigraph.
Denote by G ss = (V ss , E ss ) the abstract multi-graph D ss /v ex . Note that each of V ss and E ss is a subset of G ss = D ss /v ex . Moreover, the vertex set V ss consists of multi-saddle connections, a limit cycle, a sink, a ∂-sink, a source, or a ∂-source. The edge set E ss consists of ss-separatrices which are arranged in cyclic ways around limit circuits, sinks, and sources (resp. in linear ways around ∂-sinks and ∂-sources). Define a label l Ess : E ss → 2 Dss/v × 2 Dss/v by l Ess (O) := (α(O)/v, ω(O)/v). Note that the label l Ess can be considered as a pair of binary relations (≤ α , ≤ ω ) on S/v defined as follows:x ≤ αŷ if x ∈ α(y) andx ≤ ωŷ if x ∈ ω(y). Denote by S s ⊆ V ss the set of sinks, ∂-sinks, sources, and ∂-sources. In other words, the subset S s is the set of singular points except centers and multi-saddles. Put E ss (x) the set of edges of E ss which are connected to x ∈ S s . Define a label l Vss (x) for a singular point x ∈ S s on ∂S (resp. out of ∂S) by a cyclic order < c (resp. a total order < t ) near x on E ss (x). Recall that the orbit space D/v for a quasiregular flow on a compact surface is a finite abstract multi-graph and that if v is of finite type then D ss is the union of D, S s , limit cycles, and ss-separatrices. Define D + := D ⊔ δ Per(v) ⊔ S s ⊆ D ss . Recall that an ss-component for a flow of finite type is either a sink, a ∂-sink, a source, a ∂-source, or a limit circuit, and that an ss-separatrix for a quasi-regular flow connects a multi-saddle and an ss-component. For a flow v of finite type on a compact surface, the difference D ss − D + consists of ss-separatrices. In other words, if v is of finite type, then D + is a generalized surface directed graph and the relative complement of the union of ss-separatrices in D ss . Denote by G D+ = (V D+ , E D+ ) the abstract multi-graph D + /v. Define a label L D+ (v) by the isotopy class of the inclusion of D + on the surface S. Note that the set of isotopy classes of embeddings of realizations of finite abstract multi-graphs on a compact surface is enumerable (i.e. countable by an algorithm). Therefore the set of labels L D+ for flows of finite type on compact surfaces is enumerable. Put E ss (γ) the set of edges of E ss which are connected to a limit circuit γ. Define a label l D+ (γ) for a limit circuit γ with the collar direction by a cyclic order < c on E ss (γ) near a vertex γ ∈ V D+ . If v is of finite type, then the union D + can be reconstructed as both a topological space and a generalized surface directed graph by the abstract multi-graph G D+ = D + /v with label L D+ . Recall that S s is the set of sinks, ∂-sinks, sources, and ∂-sources. We characterize isolated vertices of D + .
Lemma 12.2. Let I be the subgraph of G D+ consisting of isolated vertices. We have (δ Per(v) ⊔ S s )/v = I.
The finiteness of limit circuits implies the following statement. Denote by ∼ the topological equivalence on χ F (i.e. an equivalent relation defined by v ∼ w if there is a homeomorphism h : S → T which is orbit-preserving (i.e. the image of an orbit of v is an orbit of w) and preserves orientation of the orbits). Write χ F by the quotient space of χ F by the equivalence ∼. Denote by G l the quotient space of G l by the isomorphisms. Now we can state precisely that a flow v in χ F can be reconstructed from the finite data as follows.
Theorem 12.5. The induced map p : χ F → G l × G l × G l is well-defined and injective.
Proof. First, the union D + = D ∪ δ Per(v) ⊔ S s ⊆ D ss can be reconstructed as both a topological space and a surface directed graph by the abstract multi-graph G D+ = D + /v with label L D+ which is the isotopy class of the inclusion of D + on the surface S. Second, since the difference D ss − D + consists of ss-separatrices, the ss-multi-saddle connection diagram D ss can be reconstructed as both a topological space and a generalized surface directed graph by the union D + and by the abstract multi-graph G ss with labels l Vss , l D+ , and l Ess . Third, each connected component of the complement of D ss can be reconstructed by the vertex set V ss of G ss and by the label l ss . Finally, we can paste D ss and the complement by the edge set E ss of G ss and label l Dss .
Final remarks
Each of conditions of "finite type" (i.e. quasi-regularity, finite conditions of limit cycles, non-existence of Q-sets) is necessary to construct a complete invariant using finite data. Indeed, finite condition of limit cycles is necessary for finite descriptions. As we mention, the set of topological equivalence classes of minimal flows (resp. Denjoy flows) on a torus is uncountable. Similarly, the set of singular points is uncountable up to locally topological equivalence. In fact, singular points with infinitely parabolic sectors as shown in Figure 18 forms a uncountable subset because we can choose the directions of infinitely sectors as shown in Figure 19 . 
